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Volume-term theories of phase separation in colloidal systems and long-range attractive tail
in the pair potential between colloidal particles
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To explain the experimental observation that colloidal dispersion exhibits a ‘‘two-state’’ structure under
certain conditions, Sogami and Ise~SI! proposed a model for an ‘‘effective’’ pair potential between colloidal
particles which had an ‘‘attractive tail’’ more than a decade ago. The SI paper spawned several papers that
dwelled on the shortcoming of the SI paper or strived to provide other explanations for the observed inhomo-
geneity of the suspension. We show herein that a long range attraction in the pair potential between colloidal
particles is also obtained in ‘‘volume-term’’ theories in which the repulsive DLVO potential is retained.
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Experimental evidence indicates that under certain exp
mental conditions a colloidal system exhibit a heterogene
distribution of the constituent particles@1–13#. Such obser-
vations are not consistent with the well-established DLV
potential@14#,

bU jk
DLVO5ZjZklB

exp~2kRjk!

Rjk
. ~1!

Here, Zm is the macroion charge~with sign!; b51/kBT
wherekB is Boltzmann’s constant andT is the absolute tem
perature,lB5b(qe)

2/« is the Bjerrum parameter where« is
the bulk dielectric constant,qe is the magnitude of the elec
tron charge, and the screening parameterk is defined as

k254plB~2ns1uZmunm!54plB

~2Ns1uZmuNm!

V
, ~2!

whereV is the volume of the system,nS5NS /V is the num-
ber density of added 1:1 electrolyte to give 2Ns ions,
uZmunm5uZmuNm /V is the number density of counterion
that arise from theNm macroions of charge magnitudeuZmu
and number densitynm , and V is the total volume of the
system. It is noted that the number density of the counteri
should be based on the macroion-free volume in the sys
V(12fm), wherefm is the volume fraction of the colloida
particles. To simplify the mathematics without loss of ge
erality we will ignore the volume fraction correction facto
and further justify its omission as it was not employed in t
primary papers used as a basis of this note. To explain
inhomogeneity in colloidal particle distribution, Sogami a
Ise @15# ~SI! proposed a model based on the Gibbs free
ergy,G5A1PV, whereG is the Gibbs free energy,A is the
Helmholtz free energy, andP is the pressure. The resultin
SI potential form, as expressed in terms of the DLVO pot
tial, is
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2 DbU jk
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The statement that the Gibbs and Helmholtz free ener
were different for colloidal systems precipitated several
tempts to discredit the validity of the SI theory, the mo
often quoted are those of Overbeek@16# and Woodward@17#,
which we will return to later in this paper. More recent
‘‘volume-term’’ ~VT! theories have been proposed to expla
the two-phase structure of colloidal systems@18–22#. One of
the motivating features of these studies is to provide
mechanism for these two-state colloidal systems in which
colloid–colloid interaction remains repulsive rather than
tractive, as evidenced from the following excerpt from v
Roij and Hansen@19#,

‘‘In fact, the current belief in this statement is so strong
that recent experimental observations of gas–liquid
@2,3# and gas–solid@4# coexistence in low-salt suspen-
sion of charged colloidal particles have been inter-
preted as proof of the existence of long-rangeattrac-
tions between colloids of thesamecharge-sign! This
nature of the interaction between colloidal particles is
not only counterintuitive, but also in contradiction with
the standard and well-established DLVO theory~which
predicts purely repulsive screened Coulomb interaction
@5#!.’’

Briefly, to exhibit a phase separation there must be b
attraction and repulsion terms in the energy expression
the system. Upon equating to zero the first derivative of
Helmholtz free energy with respect to appropriate syst
variables one determines the location of the equilibriu
while equating the second derivative to zero gives the lo
tion of the spinodal instability line. The approach to the c
culation of the phase diagram is to equate the chemical
tentials of all relevant species and the pressure of
coexisting phases. For example, in the system of macro
and added electrolyte the relevant expressions for the
regions~1! and ~2! are given in Ref.@20# as
©2000 The American Physical Society03-1
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mm~nm
~1! ,ns

~1!!5mm~nm
~2! ,ns

~2!!,

ms~nm
~1! ,ns

~1!!5ms~nm
~2! ,ns

~2!!, ~4!

p~nm
~1! ,ns

~1!!5p~nm
~2! ,ns

~2!!,

where the chemical potentials are obtained from the stan
thermodynamic relationships

mm5S ]f~nm ,ns!

]nm
D

ns

,

~5!

ms5S ]f~nm ,ns!

]ns
D

nm

,

wheref(nm ,ns)5A/V is the Helmholtz free energy per un
volume. An example of the role of the volume term in t
generation of the phase diagram is that of van Roij, Dijks
and Hansen@20#

F05F id1kBTV
hs̄

12h
2

Zm
2 qe

2

2«am

Nmkam

11kam

2
1

2

4pqe
2

«k2 ~Zmnm!2V, ~6!

whereF id is the ideal contribution from the electrolyte ion
n1 and n2 , s̄52n1n2 /(n11n2), h is the packing frac-
tion of macroions of radiusam , and the other parameter
were previously defined in Eqs.~1!–~3!. These authors note
that the last two terms in Eq.~6! are responsible for the
spinodal instability@20#.

It is of interest to note that Grimson and Silbert@23# point
out, with reference to the SI theory,

‘‘...that volume terms are present in the potential en-
ergy of interaction of charge-stabilized colloidal dis-
persion..’’

Hence if the potential in the SI model is said to include
‘‘volume term,’’ then it is a fair conjecture that there shou
be some explicit relationship between the current VT
proaches and the SI potential. Indeed this is what we re
herein and comment further that the volume-term mod
validate the SI theory in regard to the criticisms of Overbe
and Woodward.

Our focus is solely on the colloid–colloid pair potenti
and its participation in the VT models. To this end we turn
Eq. ~11! of Warren@22# for the expression of the macroion
macroion~mm! interaction energy,

Emm

VkBT
'

nm
2

2 E d3r
Zm

2 lB exp~2kr !

r
gmm~r !2

2pZp
2lBnm

2

k2 ,

~7!

wheregmm(r ) is the pair distribution function for the mac
roions and the second term is a correction for the neutra
ing background by subtracting off the mean field te
@gmm(r )51#. For our purposes we will ignore the secon
01150
rd

,

-
rt

ls
k

z-

term, and recognize that the first term represents an ave
of the screened Coulomb interaction contribution to t
Helmholtz free energy. Hence we define the total mean fi
macroion–macroion pairwise interaction,

Amm
elec5

Nm~Nm21!

2

Zm
2 lB

bV

3E Fexp~2kRmm!

Rmm
Ggmm~Rmm!d3Rmm

>
Vnm

2

2

Zm
2 lB

b K exp~2kRmm!

Rmm
L 5

Vnm
2

2
^Umm

elec&,

~8!

where the factor of 1/2 is to correct for the double countin
Attention is now given to the application of Eqs.~4!, ~5!, and
~8! to the electrostatic part of the pair potential between m
roions. From Eq.~5! we obtain for the macroion contribu
tions using Eq.~8!,

nmmm
elec5nmS ]~fmm

elec!

]nm
D

ns

5
nm

2 F2nm^Umm
elec&

1nm
2 S ]^Umm

elec&
]nm

D
ns

G
5fmm

elecF22
kRmm

2

uZmunm

~2ns1uZmunm!G ~9!

and

nsms
elec5nsS ]~fmm

elec!

]ns
D

nm

5
ns

2 Fnm
2 S ]^Umm

elec&
]ns

D
nm

G
52fmm

elecF S kRmm

2 D 2ns

~2ns1uZmunm!G , ~10!

where we have also utilized Eq.~2!. Combining Eqs.~9! and
~10! gives the desired result

nmmm
elec1nsms

elec5F22
kRmm

2 Gfmm
elec ~11!

which is the form of the SI potential given in Eq.~3!. The
contribution to the osmotic pressure is calculated from@20#

P5nmmm1nsms2f~nm ,ns!. ~12!

Thus from Eq.~11! the contribution of the pair potential to
the osmotic pressure is

Pmm
elec5F12

kRmm

2 Gfmm
elec. ~13!

We have shown that strictly within the formalism of th
VT model the Sogami–Ise potential naturally arises from
screened Coulomb potential. The origin of this ‘‘attraction
3-2



es
th

e

t

o
en
d

iv
o

th
l
e
e
-
o

es
otic

on-

-
the
ns
eu-
a
to

dal

I
to

ure
atic
ple
a-

f

VOLUME-TERM THEORIES OF PHASE SEPARATION IN . . . PHYSICAL REVIEW E63 011503
was previously attributed to the ‘‘electrostatic osmotic pr
sure’’ which was attributed to the difference between
‘‘Gibbsian’’ and Helmholtz free energies@24,25#. A similar
situation between the Gibbs and Helmholtz free energy
ists for simple ion systems. For example, McQuarrie@26#
gives the relationship

bGel

V
5

bAel

V
1bpel52

k3

24p
t~ka!

2
k3

24p F 3

11ka
22t~ka!G , ~14!

where the form oft(ka) is not important in the presen
discussion. What is relevant is the limiting forms,bGel/V
→2k3/8p andbAel/V→2k3/12p in the limit ka→0. The
presence of the electrostatic osmotic pressure clearly sh
that the Gibbs and Helmholtz free energies remain differ
for simple ion systems in the limit of infinite dilution an
point ion size.

Since the SI potential naturally results from the repuls
pair potential in the volume-term theories, the criticisms
Overbeek@16# and Woodward@17# of the SI theory must
likewise apply to the VT models. Overbeek noted that
inclusion of a ‘‘solvent correction term’’ in the SI mode
exactly cancelled the attractive part of the SI potential. Ov
beek further specified that inclusion of the solvent, identifi
with the subscript ‘‘o,’’ is easily achieved through the charg
ing process using the Gibbs–Duhem expression, as sh
through his Eq.~15!, viz.,

Nomo
elec1(

j
Njm j

elec5E
q50

q5qS Nodmo
elec1(

j
Nj dm j

elecD
P,T

50. ~15!
m

ss

ui

01150
-
e

x-

ws
t

e
f

e

r-
d

wn

Inclusion of the solvent correction term to the VT theori
leads to the absurd result of a negative electrical osm
pressure contribution for a repulsive pair potential, viz.,

~16!

Woodward@17# criticized the SI model for ‘‘confinement’’
of the counterions into a volume less than that of the c
tainer by some ‘‘fictitious’’ membrane,

‘‘In reality, nature provides no membrane and counte-
rions sample all the available solution volume~solute
plus solvent!.’’

Quite clearly the VT models likewise ‘‘confine’’ the micro
ions in two different regions, or phases. Furthermore
counterions in the VT models are confined to the regio
about their parent macroions in order to maintain charge n
trality. What the VT theories do provide, however, is
mechanism for the inhomogeneous distribution objected
by Woodward. This mechanism is manifested as a spino
instability rather than a ‘‘fictitious membrane.’’

What we have shown is that an ‘‘attractive tail’’ of the S
form does indeed arise from the volume term as alluded
by Grimson and Silbert@23# in the above quote. The ‘‘PV’’
term in the SI theory does not arise from an external press
as usually assumed, but rather from an internal ‘‘electrost
osmotic pressure’’ as likewise occurs in systems of sim
salts. The ‘‘attraction’’ is thus, within the current interpret
tion of the equations, a many-bodied effect.

L.B.B. acknowledges a grant from FIPI, University o
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