PHYSICAL REVIEW E, VOLUME 63, 011503

Volume-term theories of phase separation in colloidal systems and long-range attractive tail
in the pair potential between colloidal particles
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To explain the experimental observation that colloidal dispersion exhibits a “two-state” structure under
certain conditions, Sogami and 168l) proposed a model for an “effective” pair potential between colloidal
particles which had an “attractive tail” more than a decade ago. The S| paper spawned several papers that
dwelled on the shortcoming of the Sl paper or strived to provide other explanations for the observed inhomo-
geneity of the suspension. We show herein that a long range attraction in the pair potential between colloidal
particles is also obtained in “volume-term” theories in which the repulsive DLVO potential is retained.
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Experimental evidence indicates that under certain experi- .
mental conditions a colloidal system exhibit a heterogeneous  BUj=
distribution of the constituent particlé4—13. Such obser-

vations are not consistent with the well-established DLVO1ha statement that the Gibbs and Helmholtz free energies

potential[14], were different for colloidal systems precipitated several at-
tempts to discredit the validity of the Sl theory, the most

exp(— kR0 0 often quoted are those of Overbddls] and Woodward17],

Rk ' which we will return to later in this paper. More recently
“volume-term” (VT) theories have been proposed to explain
the two-phase structure of colloidal systefi8—22. One of
the motivating features of these studies is to provide a
mechanism for these two-state colloidal systems in which the
colloid—colloid interaction remains repulsive rather than at-
tractive, as evidenced from the following excerpt from van
Roij and Hansen19],
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_ DLVO _
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Here, Z,, is the macroion chargéwith sign); B=1/kgT
wherekg is Boltzmann’s constant arilis the absolute tem-
peratureAg= B(qe)?/¢ is the Bjerrum parameter wheseis
the bulk dielectric constang, is the magnitude of the elec-
tron charge, and the screening parametés defined as

(2Ng+|Ziy|Npm)

v “In fact, the current belief in this statement is so strong

that recent experimental observations of gas-liquid
[2,3] and gas—solifl4] coexistence in low-salt suspen-
sion of charged colloidal particles have been inter-
preted as proof of the existence of long-rarajac-
tions between colloids of thesamecharge-sign! This
nature of the interaction between colloidal particles is
not only counterintuitive, but also in contradiction with
the standard and well-established DLVO thetwhich

K2=4m\g(2ng+|Zp|Nm) =47 A g 2)

whereV is the volume of the systemg=Ng/V is the num-

ber density of added 1:1 electrolyte to giveNg ions,

|Z o nm=1Zm|Nm/V is the number density of counterions
that arise from theéN,, macroions of charge magnitudig,,,|

and number density,,, andV is the total volume of the
system. It is noted that the number density of the counterions

should be based on the macroion-free volume in the system,
V(1- ¢, Wheree,, is the volume fraction of the colloidal
particles. To simplify the mathematics without loss of gen-
erality we will ignore the volume fraction correction factor,

predicts purely repulsive screened Coulomb interaction

[5]).”

Briefly, to exhibit a phase separation there must be both

and further justify its omission as it was not employed in theattraction and repulsion terms in the energy expression for
primary papers used as a basis of this note. To explain thihe system. Upon equating to zero the first derivative of the
inhomogeneity in colloidal particle distribution, Sogami and Helmholtz free energy with respect to appropriate system
Ise[15] (SI) proposed a model based on the Gibbs free envariables one determines the location of the equilibrium
ergy,G=A+ PV, whereG is the Gibbs free energp is the  while equating the second derivative to zero gives the loca-
Helmholtz free energy, anB is the pressure. The resulting tion of the spinodal instability line. The approach to the cal-

Sl potential form, as expressed in terms of the DLVO poten-culation of the phase diagram is to equate the chemical po-
tial, is tentials of all relevant species and the pressure of the

coexisting phases. For example, in the system of macroions

and added electrolyte the relevant expressions for the two

* Author to whom correspondence should be addressed. regions(1) and(2) are given in Ref[20] as
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wn(nH 0y =4 (n(2,n?), term, and recognize that the_first term represents an average
of the screened Coulomb interaction contribution to the
(NP nMy= 41 (n? n@), (4y  Helmholtz free energy. Hence we define the total mean field

macroion—macroion pairwise interaction,

(1) Dy = (2) K2
Np Ng)=pP(NE",Ng™),
AL N oec_ Nm(Nim—1) Zihe

where the chemical potentials are obtained from the standard mm-— 2 BV
thermodynamic relationships

exp( — kRmm)
_(ﬁd)(nmrns) X j R—mm gmm(Rmm)dSRmm
Mm™= &n_m )
ng - v, Zﬁ1>\5<exr(—KRmm)>_Vnﬁ]<Uele
_(ad’(nm:ns)) -2 B Rinm 2 mm ’8
Ms= ans ) 3 ( )

where the factor of 1/2 is to correct for the double counting.
where¢(n,,,ns) =A/V is the Helmholtz free energy per unit Attention is now given to the application of Edd), (5), and
volume. An example of the role of the volume term in the (8) to the electrostatic part of the pair potential between mac-
generation of the phase diagram is that of van Roij, Dijkstraoions. From Eq(5) we obtain for the macroion contribu-

and Hansen20] tions using Eq(8),
— 2.2 ele

_ no que NmKam elec_ &(‘ﬁmm _% ele
®°_Fid+kBTV1—n 2say, 1+ kay, Amim™=Nm| =50 =) =7 2N Ui
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whereFq is the ideal contribution from the electrolyte ions

n, andn_, o=2n,n_/(n.+n_), 7 is the packing frac- ele KRnm | ZmlNm
tion of macroions of radius,, and the other parameters = bmm| 2~ 2 (2ng+|Zyng) ©)
were previously defined in Eqél)—(3). These authors note
that the last two terms in Eq6) are responsible for the and
spinodal instability{ 20]. el cle
It is of interest to note that Grimson and Silbg28] point e [N Pmm) | ns| [ HUpy
out, with reference to the Sl theory, Nstts ™ ="Ns ans | —2| M s |
m
“...that volume terms are present in the potential en-
ergy of interaction of charge-stabilized colloidal dis- _ el (KRmm) 2ng (10)
persion..” oM 2 [ (2ngt | Zmingm) |

Hence if the pOtentia| in the S| model is said to include awhere we have also utilized E@) Combining Eqs(g) and
“volume term,” then it is a fair conjecture that there should (10) gives the desired result

be some explicit relationship between the current VT ap-

proaches and the Sl potential. Indeed this is what we report olec elec KRmm| | elec

herein and comment further that the volume-term models Nmitm +Nstts =2~ —5— | bmm (11)
validate the Sl theory in regard to the criticisms of Overbeek

and Woodward. which is the form of the SI potential given in E(). The

Our focus is solely on the colloid—colloid pair potential contribution to the osmotic pressure is calculated fif@®]
and its participation in the VT models. To this end we turn to

Eqg. (11) of Warren[22] for the expression of the macroion— II=npum+Nsts— d(Npy,Ng). (12
macroion(mm) interaction energy,
Thus from Eq.(11) the contribution of the pair potential to
2mZoNgn?, the osmotic pressure is
2

Ermm *ﬁf o Z2\g exp(— kT)
VT 2 r

gmm

(7 T1elee=

1- KRZ"““} elec (13
whereg,,w(r) is the pair distribution function for the mac-

roions and the second term is a correction for the neutraliz- We have shown that strictly within the formalism of the
ing background by subtracting off the mean field termVT model the Sogami—Ise potential naturally arises from the

[mm(r)=1]. For our purposes we will ignore the second screened Coulomb potential. The origin of this “attraction”
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was previously attributed to the “electrostatic osmotic pres-Inclusion of the solvent correction term to the VT theories
sure” which was attributed to the difference between theleads to the absurd result of a negative electrical osmotic
“Gibbsian” and Helmholtz free energid®4,25. A similar  pressure contribution for a repulsive pair potential, viz.,
situation between the Gibbs and Helmholtz free energy ex-

ists for simple ion systems. For example, McQuafi2é] L=, a4 m S 1, 1 — Do, 1)
gives the relationship N y (16)
0
| | 3 . ,
BG® _BA° + ppel=— < r(xa) Woodward[17] criticized the SI model for “confinement”
Y \Y, 241 of the counterions into a volume less than that of the con-
3 tainer by some “fictitious” membrane,
K
" 24n|1tra 2T 14

“In reality, nature provides no membrane and counte-

where the form ofr(xa) is not important in the present  fions sample” all the available solution volurtelute
discussion. What is relevant is the limiting formgG®/v plus solvent
— — %187 and BA®V— — k%/127 in the limit ka—0. The

presence of the electrostatic osmotic pressure clearly shov@uite clearly the VT models likewise “confine” the micro-
that the Gibbs and Helmholtz free energies remain dlfferenrons in two different regionS, or phasesl Furthermore the
for simple ion systems in the limit of infinite dilution and counterions in the VT models are confined to the regions
point ion size. _ _about their parent macroions in order to maintain charge neu-
Since the Sl potential naturally results from the repulswetra”ty_ What the VT theories do provide, however, is a
pair potential in the volume-term theories, the criticisms ofmechanism for the inhomogeneous distribution objected to
Overbeek[16] and Woodward17] of the SI theory must py Woodward. This mechanism is manifested as a spinodal
likewise apply to the VT models. Overbeek noted that thenstability rather than a “fictitious membrane.”
inclusion of a “solvent correction term” in the SI model What we have shown is that an “attractive tail”’ of the SI
exactly cancelled the attractive part of the Sl potential. Over{orm does indeed arise from the volume term as alluded to
beek further specified that inclusion of the solvent, identifiedhy Grimson and Silber23] in the above quote. The “PV”
with the subscript 0,” is easily achieved through the charg- term in the Sl theory does not arise from an external pressure
ing process using the Gibbs—Duhem expression, as showgs ysually assumed, but rather from an internal “electrostatic

through his Eq(15), viz., osmotic pressure” as likewise occurs in systems of simple
4=q salts. The “attraction™ is thus, within the current interpreta-
Noﬂgle%; leulelec: JqO ( Nodﬂgle%; N, dﬂjelec tion of the equations, a many-bodied effect.
- P, T
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